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Abstract Three methods, which are approximate Lie symmetry method, approximate Noether symmetry method
and approximate Mei symmetry method, are adopted to study the first order approximate symmetries and
approximate conserved quantities of a typical perturbed mechanical system. Six identical first order approximate
symmetries and approximate conserved quantities of the typical perturbed mechanical system are obtained by
approximate Lie symmetry method and approximate Noether symmetry method, but only five of them can be
obtained by approximate Mei symmetry method.

Key words perturbed mechanical system; approximate Lie symmetry; approximate Noether symmetry;
approximate Mei symmetry; approximate conserved quantity

M AR RS D R G X R S SRR e, ROy R G2 BN , IX R T 27 RGURR

3P R PE I Lie %bFRME: . Noether X FRiE
P Mel XEFRPED: . 1R JCIR /NS He, T I iR
TE IS 0 T AR R AR AR SH Lie XFARIE, I %5 1 JT] &
1E A5 e T 535 A28 o Noether X FRPE, 122458
114 80 1 2 SRBCTE AR e R AT SR TG L A2 s 5 - Me
XEFRME . L, PSR R G R e SRR
W BRI R AN ) Y AR AR K A N B AR

H K [ AR 4 (11472177) % B

ARSI R G e R GRS PR R AL~
fERATFEN TR e RN R CEE . H
AT, WFFERAR T2 R GE U FR P 5 3 oL S
R S0 R X R P 9 S L Lie S M 1k TR )
Noether X FRHEIE . 51 HET IR RETC PR/, 4%
O3 77 R A AR T RL AR B AN S DAL Lie X AR
P, W SR R A AR T A L PR 5 AN AR I D i

s H 9: 2015-10-09; &[0 H 3 2016-02-13; M4 Hi ki H i§: 2016-07-14

681



R (ARBI¥AR) 528 %4 2064 7H

1 Noether Xf #ktE:, Frfs 4 <p i & I L sr &

AR, TR R Wil 7 R Ut
B R A8 <71 2k (0 AR 5 B BUISAR 22 AR 1B 5
MR [3-14] 2R HI I 7 L A0 2 3 0L Lie YRR ik s 1L
Noether XJFRMETE, Hidr SCHR[ 312 & 35 RUX ki

WIRIFSE, SCHR[12-14] 0 53T B0 FR 1 B e 119 5
llTr“FH SCHR 5] 42 H R B4 B Rl B~ 4
B T3, SCHR[16]4F B AR 433k g FH F 3k B il
SPPE . HJE, B HAT R, @A s T
Mei XTFRPEBF 5T RIS PE A LIS, 56T 3 AN
PR ERE A BOC R T WA WA RIIESE . FL
b, L Lie XFFRYEEEFIVT L Noether Xt FRi: k&
76 Lie XFFRIEEEH Noether X FRM: I 19 SLR I & Ji
FR A, ARATE Mel XFFRPEVE I F Al It o] DL S7
AHRE AT Mei SRR, RISt U LAY B JCBR /N
A, 12 R G BN ) A pRECOE AR S T T AL T R
BB TR AL Mel XEFRE

AL Lie XFFRPE . L Noether X Bk
PEFL Mel REFRPERES, BHE 3 FOFRIE R C &R,
FELIIR R 2:1 (5 IEL ARSI IR T i, oF
5 Z8 G0 04— B 0 AR X B T AL S i

1 i Lie Xt#R1E. ML Noether Xt
FRYEFNIE L Mei 3T FRMEIR IS
1.1 Ef Lie Xt FR14EIEBD
HA n A HHER ML Lagrange 12248, H
Lagrange PR X AT DL /R N L=L(t,q,,¢.&), Hi
a. N SUBER, g, b X, O<e <1 ik &
$. Ak Lagrange 712 &R 4t 1912 sh i 43 Jr B2 0T LA
FoRN

doL oL
a0 o =0 (s=12..n), @
LR OREEEYS]
E.(L)=0, @
)

HoE, ° % Euer BT, BRELG
dt 00, 6q

(V)7 s, Blix

S

2
det[ ‘?L. Jio, ©)
aqsaqk

U RTSR BT ) SO J32 -

682

=a/(t,q,,9,,€) o 4)
ML BN B4 B TG PR /NAR $6e

t* ='[+5T('[,qs,qs-5)v
®)

0. (t") = gy (t) + 65, (t, 0, 6., €),

His=1, 2, ..., n, 6 BIERNSEL, cFENTR
ANV A T . 2U(B) A JCBR /N AT ]

© _
X at+;§ aqs ©
(61— K K
X® = X‘°)+Z(§ —0,7) 7
TR ER

XP = x<1>+2(§ 47— 2qu) . (8)
o4

S

K (5)~(8),
Tzzgifi’ ng:Zgié , ©)
Hrrs=1,2, ..., n, kK AL BY 4L

BT RO kBT Lie XFRMEZE
2 (8) 1830 (0L 1 A T8 BR /NS 4 (2 (5)) T 3 (oL A 45 S
2R, )

X2 (g, -a)=0(") . (10)
AR TE R PR R
k
G:G(qs’qs’g):ZEiGi
i=0
(s=12,..,n) (1)
oL n oL D oL . 0, oL
oL oL oL L .
aﬁ*?%%é+;agé{i “&?Jr
_ G, (12)

W R GEAFAE K G R~y 4E B

|=Zk:gi|i, (13)

I—Lr+z

(f -4,7)+G, (14



B R

BB ) 2 R GERYIE L Lie MRk . IE 8L Noether X #R ¥4 FIE B) Mei X Bk ik

dl
dt

B @)RAKX(Q0)FFRIF, 2% & MR
Bh 0, ARG TR/ JOC T M & H i A AR T
A (12), IF B E W &0 & ., e R BT
KIS ML R G . % Lagrange pRER L SR A% 1Y TG
R /NA: TG = R & DL R ok 5 G AR A (14), 1T
KIFRGAERISFER |

ERA3)H, £ 1,20, 1,(i=12..,k) ¥k 0,
WIFR | SRR Z A T2 R GBI RE RSP &, AR Y
X RRME R R 52 A 0 2 2R 58 B RS 0 R PR AR .
l,20, HEDLH A1 (i=12,.., k) AN 0, WFK
| R 712 R G R e T RS e, A L B X R
PR R E B E RS AR YE . &1, =0, AR DR —4
L (i=12..,k) AN 0, WFR | G T12= R 57
JUAY S LS 18 E, A R B4 X R Sk S LA 3T RS
PR
1.2 iE{ Noether ¥ FR{4EIE it

ATl Noether Xif Bt U4 76 30 oL ) B G BR /N AS
(X (5)) T, MR ] e AR T I PR R A
7I‘F, EI]

=0("") (15)

["Ltaa o

4

-["Lea. o voE, (9
b

TR TE B /N 4 (3K (5)) 3 {1 Noether X AR 4

i 0 BR /N A ot (2K (9)) AR T BR 5 (X (1))
T 2 0 5 7 R (12), DA 76 AR R A9 3T B ST i o (X
(14)).

B X (9 M (AD I8 AKX (12), IF H & (12) W 4
e, &t e M RBL, PIRAF TR/ BT 7« A& DU
K TG K% G . #% Lagrange R %k L Kk 75 (4 TC KR
INAE RGN E LA R bR B G AR A (14), ATk
BRGEMIEMTHER .

1.3 Ll Mei 3 FRIEIR IS

R i% 2 LR /NS (5) 5, R 4ihY Lagrange B

BL(t,q,6,8) 2R L :

o (e dd
L —L(t .q ot ,5)
=L(t,q.6.)+5XP(L)+0(5%) o (17)
an S AR e 5 19 Lagrange PR L AR R AR e i

i L, J5 R QBIEAGE RR R AL, A
E,(L)=0("), (18)

AKX FIAAZEME RGN k Bl Mel X
Ptk o

B AU AKX (18), Z W 5% K & B /N i
JERII(2), 153

E(X?(L)=0(s"") - (19)

XT Tt Lagrange J1%% Z48(x(2)), R TCHR
INHEROE 7, &, 6 R 7 R (19),  DULRH IR 4 0 AL AN 78
KRG K Bl Mel XFFRYE . 5 AR (L9)FK AL Bl
Mei X B A J 3 05 e

2 JCBR /N BT (3X(9)) R LY pR KR (1) 15 2
FE T RR(12), WAFAE AR R B U LS4 B (X (24)).

¥ Lagrange ok %t L 10 A 3K (29)9F BT, £ &°
e, EHIRBON 0, PRGN BT 7 A &s.
BTG E ot iC AR (12), I &R ML, ...,
& MRBT RS MILR B G . ¥ Lagrange % L
FR A TCBR/INE JROT 7 B & LA KIE s 8 G 1R A
X (14), PRI ARG MSFEE |
1.4 3R EFHXER

A JCBR /A e (5X(9)) 6 2 3K (10), WP &R 4E
HAAL Lie AR . 25 JCBR/INE T (38 (9)) 1 2
2(10) Hois 25X (12), JF-REFk 200 A9 LT pR %k, Tl
Ui & 45 Bk B A L Lie %Ak M, XEA TR
Noether X} R, #% 21 19 3T 0L ~F 16 & BB 2 ) Lie
X BRPESTIE R, Y& Bl Noether % FR1EST1E 4

A JC BRI A o (3X(9)) 6 2 3 (19), W58 ] &R
GLHA UL Mel XEFRYE . A TERR/ME ot (X (9)IF]
i 2 20 (10) F1(19), WIUEHA R G Rl A HA Tl Lie
XFRREEFI AL Mei X R

A7 T PR /N A= i ot (X (9)) 1) i il A2 X (20), (12)
#1(19), J‘#Ah%iz?ﬁﬁﬁr”ﬂﬁ%m@zl%& W 5 B 2R 45 [+
AP EA TRl Lie XAk . 3L Mel X FR 44 FLi A
Noether Xf B, &E'JE’JJEU?“TB;@E%;&@M Lie
XRRPESFIE &, ORI Mel XFFRPESFE &, W
VT8l Noether X FR 1~ H &

2 HAFMAZERGEN—HiEMxt
REF—MiE L sFEE

AR L O 201 1Y 55 AR &R R A I R TR
Lagrange pR 53k

683



bR (A ABHEIR) 45 52% 5 4] 201645 7 A
1., 1. 1 G, =0, G, = XX + X3¢ — X, X X, , (23e)
L2422 22 = %2 2 20 o S
SR TS X TN DX eXX, (20) -
6. =3+ X5 XK K
R TN T TR TR
G, = (8% —8x'x; + (23f)
X = 4% +&X5, 32 \ .
% = %, +26%% o (21) 32, %, %%, —5X; —10x % —

2.1 —MriEfl Lie W4 SIEUFIES

WF5E R G5 09— B i o) Lie %t AR P 5 3 0L <718
oo KRR AKXQO)IFRTTF, 40 MR
0, SRS 6 ZH ko

{To =-1 5=¢,=¢,=0, (222)
510 = ézzo =0,
{To =G0 =6x=07,=-1 (22b)
511 = ‘);:21 =0,
{To = 510 = fzo :.0’ n= -1 (220)
‘):11 =0, 521 =%,
{To = 510' =6p=07=-1 (22d)
S ="%,6y = 0,
{To = 4:10 : ngo =0, 7'1 =0, ' (22¢)
§11 =X%%, 521 = X2X1_2X1X21
7,=0,7,=0,
Sio = %%, G = X25(1_2X1X2'
-8 . 5 2. _ 3y )
- BRI
1 2. .
521 = g(_4xl % _8X1X2X1 +
3%, -3¢ +30) -
VOISR LR 2.1 RO S5 AE LR TR A B IR T Rt A

6 —BriE L Lie ¥R, B2 (20)F1(22) 18 A K
(12), JF M &0, AR, ARG Fik
6 2 AE J T AR I Y I R

G,=0, G =0, (239)

G,=0, G =0, (23b)
1.2 1 2

G,=0, G ==x-2x, 23

o G, 2X2 2X2 (23c)

G, =0, 61:%5(12—2)(12, (23d)

684

X% +18K7%; —9%) o

¥ (20), (22)F1(23) 1% A= (14), 152 6 ~—Fr
SR (VS IE:

|1:%)-(12+%)'(§+2x12+x22—5x1x22, (24a)

P:g(%ﬁ+%g+2ﬁ+@j=g@, (24)
|3:5G>‘<§+2xf]:g|§, (240)
w:g(%g+%gj:ag, (24d)

1% = (x5 = X% +%,%%) =&l (24e)
1% = X6 = XX + X, %%, +

é%am§ﬁ+6é@+3@—

8X) X5 —8x %5 —32%X,% X, —

51¢ ~6X'%0), (24)

Hr,

|1—£'2 E-Z 2 2 2 25

0= R SR A DA EX, (25a)
|2_1,2 2x2 b
0 =K+ 2, (25b)

1., 1

Ig:EX22+EX22’ (25C)

lg = XX = XX +X,%%, o (25d)

| 1

SNZL ISR R A R A A T —
o SRR T 9 4 4 B, 2 S0 =0
(i=1, 2, 3, 4), Hi I W ARG ERERE, (SIS H
P MR TR AE R, 3 4 /SSPARRUR A 7257 9,
FEIE I =120 12 HER . 1P R A 0 T
O B, 12, 1%, 140 1S AP LA — B
LR, 1 AR 10— B AP B



CLEL

BB ) 2 R GERYIE L Lie MRk . IE 8L Noether X #R ¥4 FIE B) Mei X Bk ik

2.2 —MriE{tl Noether 3 FR1%E S5iE{UFIES

W5 2 Ge i — B2 {1 Noether X B 5 — [ it
lsptE . X (22)F R 6 414 ot ML (23) %R
) 6 S HLIE PR A 454 Noether 1HAE3(12), I,
Falnl iy B X (22) % R 19 6 ~—Fr ikl Noether
XIFRIEFI (24) 271 6 ~—Fr i &) Noether ~7fE it
23 —MEl Mei X FRESIECISHIES

M RGR— L Mel SEFRPE S — B iz o)
SPEE . K000 AR (19), HfEREWT 5 41
O

7,=-1 71=§11=§21=0’

{510 =% =0, (263
{To =80=60=07="1 (26b)
$1=6x=0
{To =G =560 =07,=-1, (26¢)
E1=0& =%,
{To = 510. =8n=07,=-1 (26d)
S =%, 6y =
{To = N o0 =0 T.l o . (26€)
S = %%, &5 = XX — 2% X, o

X 5 AT E R (22 HHT 5 A K (20)
F1(26)1C A (12), IR SFA M £°, &' 1Y R A,
ARG S Lk 5 4 A AT A R B BT PR AR

G,=0, G =0, (272)

G,=0, G =0, (27b)
1, 1,

G,=0, G, ==X =%, 27¢

020 G =% - @)

G, =0, Gl:%xf_zg, (27d)

G, =0, G = X1X22 + X1X22 = %%%, 0 (27¢)

X 5 AHLIE R 5 5 R (23) AT 5 AN HLTE B B[R]
#2(20), (26)M7IEAZ(14), 53] 54—/
S (RS RN T

It =

%xf +%>‘<§ 2% -, (289)

Izzg[%xf+%>'<§+2xf+x§j:glé, (28b)
|3=g[%>'<f+2fo=g|§, (280)

|4=g[%>'<§+%x§j:glg, (28d)

12 = (X5 = X% +X,%%,) =£lg o (28¢)
X 5 A srfEE S (24)XX P ET 5 A FE R . B
VTRl Mel % FR P H BE SR 15 T4 77 27 22 46 00 1 25 i
PRAECHN 4 P LI — Bl sr i, A RER IR e
() — B RS

3 it

A SC IR T 3 BT AL BRI BRI e A B G
2, JFF 3 AT U BRI ES I ST TR o 211
14 55 A8 2 P R A T 4R 7 109 30T A0 X AR 5 0T AL ST
i, SRR, ORI AL Lie X5 #R 2 ¥ F A
Noether X BRI vk g 4% 21 6 A [R] Al — [ 1 1oL % ik
PEFLEISFE R, 6 AN RISFIE S H, 1AM R R
T PR A 4 AL — B RLSE e, 12
BoE ) —pra lspiE s . el Mel xdfrdEis |
REFRE 5 A —BriE XS FR A ISP R R, H 5 A
PELSEE 5 L Lie XFFRPEEFGERL Noether
MR R 5 M. IR Mel XK
Pk R 3] 0 53 pR KSR 4 S SR — 9 T AL ST AE
i, ANREAR BIARE B — B L ST R . 45 SR U
RSB Mei X RRPE 4 S5 42 5

2% 3Tk

[1] Mg RGH. ZERERZEACBT YRS R m . b
AU B A, 1999

[2] MERA. 29I RGER MR SrE &, dbat:
JL AT H TR A% kL, 2004

[3] Leach P G L, Moyo S, Cotsakis S, et al. Symmetry,
singularities and integrability in complex dynamics
Il : approximate symmetries and invariants. Journal of
Nonlinear Mathematical Physics, 2001, 8(1): 139-156

[4] Govinder K S, Heil T G, Uzer T. Approximate
Noether symmetries. Physics Letters A, 1998, 240(3):
127-131

[5] Naeem I, Mahomed F M. Approximate first integrals

685



LR A A (SR B2 )

o 52% 4

2016 4 7 H

(6]

(7

(8l

(9]

(10]

686

for a system of two coupled van der Pol oscillators
with linear diffusive coupling. Mathematical and
Computational Applications, 2010, 15(4): 720-731
Unal G. Approximate generalized symmetries, normal
forms and approximate first integrals. Physics Letters
A, 2000, 266(2): 106-122

Dolapci | T, Pakdemirli M. Approximate symmetries
of creeping flow equations of a second grade fluid.
International Journal of Non-linear Mechanics, 2004,
39(10): 1603-1619

Kara A H, Mahomed F M, Qadir A. Approximate
symmetries and conservation laws of the geodesic
equations for the Schwarzschild metric. Nonlinear
Dynamics, 2008, 51(1/2): 183-188

Grebenev VN, Oberlack M. Approximate Lie
symmetries of the Navier-Stokes equations. Journal of
Non-linear Mathematical Physics, 2007, 14(2): 157—
163

Johnpillai A G, Kara A H, Mahomed F M.
Approximate Noether-type symmetries and conser-

vation laws via partial Lagrangians for PDEs with a

[11]

[12]

[13]

[14]

[15]

[16]

small parameter. Journal of Computational and Applied
Mathematics, 2009, 223(1): 508-518

Zhang Z Y, Yong X L, Chen Y F. A new method to
obtain approximate symmetry of nonlinear evolution
equation form perturbations. Chinese Physics B,
2009, 18(7): 26292633

B, WH SRR MRS RE N — Bz
Lie Xk 5 Bl SFEF. #3244, 2013, 62(22):
220202

MR, MERUH, BRFHE. S99ERIERG Z4E4&m
SR T — BT Lie X FR M 530 Bl 18 &
P24 4R, 2012 61(11): 110204

BERISE. IR Kepler REHUE T T RMIEM Lie
F R 5N AS L P A4 4], 2010, 59(10)
6764-6769

B 6. AR MR TR Bl 1 R SR —Bir
AT LS R A — FhRTR . AR R, 2014, 63(6):
060202

BERSE. BT A MR = R G M BT s e
Bh 12 55244, 2015, 13(3): 165-169



